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An Introduction to Fuzzy Soft Graph

SUMIT MOHINTA AND T.K. SAMANTA

ABSTRACT. The notions of fuzzy soft graph, union, intersection of two
fuzzy soft graphs are introduced in this paper and a few properties relat-
ing to finite union and intersection of fuzzy soft graphs are established
here.

1. INTRODUCTION

In 1999, D.Molodtsov[4] introduced the notion of soft set theory to solve
imprecise problems in economics, engineering and environment. He has
shown several applications of this theory in solving many practical prob-
lems. There are many theories like theory of probability, theory of fuzzy
sets, theory of intuitionistic fuzzy sets, theory of rough sets, etc. which can
be considered as mathematical tools to deal with uncertainties. But all these
theories have their own inherent difficulties. The theory of probabilities can
deal only with possibilities. The most appropriate theory to deal with un-
certainties is the theory of fuzzy sets, developed by Zadeh[9] in 1965. But it
has an inherent difficulty to set the membership function in each particular
cases. Also the theory of intuitionistic fuzzy set is more generalized con-
cept than the theory of fuzzy set, but also there have same difficulties. The
soft set theory is free from above difficulties. In 2001, P.K.Maji, A.R.Roy,
R.Biswas [12, 13] initiated the concept of fuzzy soft sets which is a combi-
nation of fuzzy set and soft set. In fact, the notion of fuzzy soft set is more
generalized than that of fuzzy set and soft set. Thereafter many researchers
have applied this concept on different branches of mathematics, like group
theory [1, 6], decision making problems, relations |3, 5|, topology [14, 15, 16]
etc..

In 1736, Euler first introduced the concept of graph theory. The theory
of graph is extremely useful tool for solving combinatorial problems in dif-
ferent areas such as geometry, algebra, number theory, topology, operation
research, optimization and computer science, etc.. In 1975, Rosenfeld [2]
introduced the concept of fuzzy graphs. Thereafter many researchers have
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36 AN INTRODUCTION TO Fuzzy SOFT GRAPH

generalized the different notions of graph theory using the notions of fuzzy
sets |7, 8, 10, 17].

In this paper, our aim is to introduce the notion of fuzzy soft graph and
then a few operations, like union, intersections of two fuzzy soft graphs. Also
it is seen that the collection of fuzzy soft graphs is closed under finite union
and intersection.

2. PRELIMINARIES

Definition 2.1 (|2]). Let V' be a nonempty finite set and o : V — [0, 1].
Again, let p: V x V — [0, 1] such that

wz,y) < o(@)Aoly) V (z,y) eV xV.
Then the pair G := (o, u) is called a fuzzy graph over the set V. Here o
and p are respectively called fuzzy vertex and fuzzy edge of the fuzzy graph
(o, ).
A fuzzy graph G := (o, p) over the set V is called strong fuzzy graph if

pl,y) = o(@)Aoly) VYV (z,y) eV xV.
Definition 2.2 ([2]). Let H := (p,v) and G := (o, i) be two fuzzy graphs
over the set V. Then H is called the fuzzy subgraph of the fuzzy graph
G if

p(x) <o(x) and  v(z,y) <plz,y) V a,yeV
Definition 2.3 (|11]). Let G1 := (o1, p1) and Ga := (02, p2) be two fuzzy
graphs over the set V. Then the union of G; and G is another fuzzy graph
G3 := (03, u3) over the set V', where
o3=o01Voy and puz=pV s,
i.e. o3(x) =max{o1(z),02(x)} V 2xeV
and  ps(z,y) = max{p(z,y), p2(z,y)} vV z,yeV.
Definition 2.4 ([11]). Let Gy := (o1, p1) and Ga := (02, p2) be two fuzzy
graphs over the set V. Then the intersection of Gy and G5 is another fuzzy
graph G := (03, ug) over the set V, where
o3 =01 ANog and 3 = pu1 A e,
i.e. o3(r) =min{oy(z),02(x)} V zeV
and H3(«T,y) :min{,ul(x,y),,uQ(x,y)} v z,y € V.
Let U be an initial universal set and E be a set of parameters. Let IV

denotes the collection of all fuzzy subsets of U and A C F.
Definition 2.5 ([15]). Let A C E. Then the mapping Fjy : E — IV defined
by Fa(e) = ug, (a fuzzy subset of U), is called fuzzy soft set over (U, £),

where uf. = 0if e € B\ A and pf, # 0if e € A and 0 denotes the null
fuzzy set.
The set of all fuzzy soft sets over (U, F) is denoted by F'S(U, E).
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Definition 2.6 ([15]). The fuzzy soft set Fy € FS(U,E) is called null
fuzzy soft set and it is denoted by ®. Here Fy(e) = 0 for every e € E.

Definition 2.7 ([15]). Let Fr € FS(U,E) and Fg(e) = 1 for all e € E.
Then Fg is called absolute fuzzy soft set. It is denoted by E.

Definition 2.8 ([15]). Let F4,Gp € FS(U,E) and A C B. If Fy(e) C
Gp(e)foralle € A, ie., if ui Cpug, foralle € A, ie., if ug (z) < pg, (v)
for all x € U and for all e € A, then F4 is said to be fuzzy soft subset of
Gp, denoted by F4 C Gp.

Definition 2.9 (|15]). Let F4,Gp € F'S(U, E). Then the union of F4 and
Gp is another fuzzy soft set Hc defined by He(e) = pgy, = p%, U ug, for
all e € C, where C = AU B. Here we write Ho = F4 U Gp.

Definition 2.10 (|15]). Let F4,Gp € FS(U, E). Then the intersection of
F4 and Gp is another a fuzzy soft set He, defined by He(e) = M, =
B, NHG, for all e € C', where C = AN B. Here we write Ho = F4 N Gp.

3. Fuzzy SOFT GRAPH

Definition 3.1. Let V = {z1, 22, -+ ,z,}(non-empty set), E(parameters
set) and A C E. Also let
(1) p: A — F(V)(Collection of all fuzzy subsets in V)
e = ple) = pe(say)
and p. : V — [0, 1]
T = pe(x;)
(A, p) : Fuzzy soft vertex.
(i) : A — F(V x V)(Collection of all fuzzy subsets in V' x V)
e > pu(e) = pe(say)
and pe : V. xV — [0,1]
(xia w]) = Me(xia $])
(A, p) : Fuzzy soft edge.
Then ((4, p), (A, 1)) is called fuzzy soft graph if and only if jie(z;, ;)
< pe(xs) A pe(xj) Ve € Aand Vi,j = 1,2,--- ,n and this fuzzy soft graph is
denoted by G 4.v.

Example 3.1. Consider a fuzzy soft graph Gg v, where V = {z1, 22,23}
and E = {e1, ez, e3}. Here Gy is described by Table 1 and pe(x;, ;) =0
for all (z;,z;) € V x V\ {(z1,22), (x1,23), (x2,23)} and for all e € E.

Definition 3.2. The fuzzy soft graph Hay = ((A4,(),(A,v)) is called a
fuzzy soft subgraph of G4y = ((4,p), (A, 1)) if pe(xi) > Ce(z;) for all
zi € Ve € A and ve(xi, xj) < pe(z, z;) for all x5,z € V,e € A.

Example 3.2. Consider V = {z1,22,23} and F = {ej,e2,e3}. Here, a
fuzzy soft graph H 4y is given by Table 2 and ve(z;, x;) = 0 for all (z;,z;) €
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TABLE 1
plar w xz || p | (x1,22) (v1,23) (22,23)
eg| .5 2 0 el 2 0 0
€9 4 7 .6 €9 4 4 .6
es| .5 .9 3 ||es 2 1 3
{E2(2) g;:i 6
4
2
z,(.5) z,(.7) z(4) (9 2,(.5)

Corresponding to Corresponding to Corresponding to

the parameter e the parameter e,

the parameter e,

FIGURE 1. Fuzzy Soft Graph.

V x V\ {(z1,22), (z1,23), (x2,23)} and for all e € E. Hyy is a fuzzy soft
subgraph of G 4,1/, where G4 1 given in the Example (3.1).

TABLE 2
Clxz x w3 || v | (x1,22) (x1,23) (x2,23)
er| .3 1 0 el 1 0 0
€9 0 4 .3 €9 0 0 .3
€3 .5 0 2 €3 0 1 0

Definition 3.3. The fuzzy soft subgraph Hayv = ((4, (), (A4,v)) is said to
be spanning fuzzy soft subgraph of G4y = ((4,p), (A, p)) if pe(z;) =
Ce(z;) for all x; € Ve € A.

In this case, the two fuzzy soft graphs have same fuzzy soft vertex set, they
differ only in the arc weights.

Example 3.3. Consider V = {z1,29,23} and E = {e1,ez,e3}. Here, a
fuzzy soft graph H 4 v is given by Table 3 and ve(z;, z;) = 0 for all (z;,z;) €
V x V\ {(z1,22), (x1,23), (x2,23)} and for all e € E. Hjy is a spanning
fuzzy soft subgraph of G 41/, where G4 given in the Example (3.1).
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z,(.1) z,(.3) z,(.2)
1 3 1
z,(.3) z,(.4) 7,(.5)
Corresponding to Corresponding to Corresponding to
the parameter e, the parameter e, the parameter e,

FIGURE 2. Fuzzy Soft Subgraph.

TABLE 3
Clx w w3 || v | (z1,22) (x1,23) (22,23)
er| .5 2 0 el Nl 0 0
es | 4 .7 .6 | e 3 2 5
es| 5 9 3lles| 1 1 2

'
z,(.9)
1
2

° o

z,(.5) z,(.4) z,(.5) 7,(.3)
Corresponding to Corresponding to Corresponding to
the parameter e, the parameter e, the parameter e,

F1GURE 3. Spanning Fuzzy Soft subgraph.

Definition 3.4. The underlying crisp graph of a fuzzy soft graph G 4 v
= ((A,p), (A, p)) is denoted by G* = (p*, u*) where

pr={z; €V : pe(x;) >0 for some e € E},
p=A{(zi,z;) € VxV 1 pe(zi,z;) >0 for some ee E}.

Definition 3.5. A fuzzy soft graph G4 v = ((4, p), (4, 1)) is called strong
fuzzy soft graph if p.(z;,z;) = pe(xi) A pe(xj) for all (x4, ;) € p*,e € A
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and is a complete fuzzy soft graph if yi.(x;, z;)
= pe(i) A pe(z;) for all z;,2; € p*,e € A.

Example 3.4. For example of strong fuzzy soft graph, consider V' = {x1, z9, 3}

and E = {e1,ez,e3}. Gay is given by Table 4 and p.(z;, ;) = 0 for all

(i, ;) € V x V\{(21,22), (1, 73),
(x2,23)} and for all e € E. Here, G4 v is a strong fuzzy soft graph.

TABLE 4
pler m a3 || p| (v1,22) (r1,23) (22,23)
€1 .D 2 0 €1 2 0 0
€9 4 7 .6 €9 4 4 .6
es| .5 .9 3| e3 .5 3 .3
.3
2,(2) 2,(.6) % (3)
3
4 6 3
5
:1:1(.5) Il(.4) IZ(.7) :rl(.5) 1'2(.9)

Corresponding to Corresponding to Corresponding to

the parameter e, the parameter e, the parameter e,

FI1GURE 4. Strong Fuzzy Soft graph.

Example 3.5. For example of complete fuzzy soft graph, consider V' =
{z1, 29,23} and E = {e1, e2,e3}. G,y is given by Table 5 and pe (s, ;) =0
for all (z;,z;) € V x V\ {(x1,21), (1, 23),

(x3,23)} and for all e € E. Here, G4y is a complete fuzzy soft graph.

TABLE 5
plx zo xz || p| (z1,21) (x1,23) (23,23)
e | .2 0 6] e 2 2 .6
€9 .5 0 0 €9 0
es| .0 0 .8]|e3 0 0 .8
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2 .6 5 8
O—— O O
z,(.2) 7,(.6) z,(.5) 7,(.8)
Corresponding to Corresponding to Corresponding to
the parameter e, the parameter e, the parameter e,

FiGURE 5. Complete Fuzzy Soft graph.

Definition 3.6. Let V;,Vo C V and A,B C E. Then the union of two
fuzzy soft graphs GY . = ((4,pl), (A, pt)) and G% 1, = (B, p2), (B, u2)) is
defined to be G%,VB = ((C, p2), (C, 1)) (say), where C = AUB, V3 = VUV,
and
p2(x;) = pt(z;) for alle € A\ B and z; € V7 \ Va,

=0forallec A\ B and z; € Vo \ V1,

= pl(z;) foralle € A\ B and x; € Vi N Vs,

= p(z;) foralle € B\ A and z; € Vo \ Vi,

=0forallee B\ Aandz; € V1 \ Vs,

= p(z;) for alle € B\ A and x; € Vi N V4,

= pl(z;) V pi(x;) for alle € AN B and x; € Vi N Vs,

= pl(z;) foralle € AN B and z; € V; \ Va,

= p2(x;) foralle € AN B and z; € Vo \ 11,
and
p3(ziy i) = pl(xi,xj) if e € A\ B and (w;,x;) €

(Vi x Vi) \ (V2 x V),
:Oif€€A\B and (l’i,l‘j) S (VQ X Vg)\(vl X Vl),

= pl(w;,x;) if e € A\ B and (z;, ;) €
(‘/1 X Vl) N (V2 X Vz),

= p2(z;,2;) if e € B\ A and (v, ;) €
(V2 x Vo) \ (V1 x W),



42 AN INTRODUCTION TO Fuzzy SOFT GRAPH

=0ifee B\ Aand (z;,z;) € (Vi x V1) \ (Va x V),

= u2(x;,x;) if e € B\ A and (z;, ;) €
(‘/1 X Vl) N (V2 X Vz),

= Mé(%,l‘j) \ ug(xi,mj) ifee AN B and
(i, zj) € (Vi x Vi) N (Vo x V),

= pl(z;,2;) if e € AN B and
(i, z5) € (Vi x Vi) \ (Va x Va),

= u(x;,x;) if e € AN B and
(@i, ) € (Va x Va) \ (Vi x V).

Example 3.6. Consider V' = {1, x2, x3, 24,25, 26} and E =
{e1,e2,e3,e4}. Let Vi = {x1, 29,23, 24} , A= {e1, e,

e3} and Vo = {x1, 22,75, 76}, B = {ea, e3,€4}.

G}4,V1 is defined by Table 6 and p!(z;, z;) = 0 for all (z;,z;)

e Vi x Vi \ {(z1,x2), (z2,23), (3,24)} and for all e € A.

GQBy2 is defined by Table 7 and p?(z;, z;) = 0 for all (z;,z;)

€ Vo x Vo \ {(z1,x2), (z2,25), (z5,26)} and for all e € B.

Then the union of G}4,V1 and GQBA/2 is G?é,vg given by the Table 8 and
ug(a:i,xj) =0 for all (x;,z;) € V3 x Va\ {(z1,x2), (22, x3),

(x3,4), (x2,25), (v5,26)} and for all e € C.

Proposition 3.1. Let G% be the union of the fuzzy soft graphs GY and G%.

TABLE 6
pllar o g wa || p | (21,22) (w2,23) (w3,74)
e1|.1 5 .8 .2 el Nl A4 1
es | .8 2 3 .9 €9 2 2
€3 .3 .8 7 0 €3 2 5! 0
TABLE 7
p? ey xo w5 we || 4P| (w1,22) (w2,25) (5,26)
€9 2 .3 .9 7 €92 2
e3| 6 4 5 0|les| 4 3 0
€4 0 7 .D 4 €4 0 .3

Then G2, = G}4 U GzB s a fuzzy soft graph.
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TABLE 8
PP ley xa z3 x4 x5 6
e;7|].1 5 8 2 0 O
e|.8 3 3 9 9 7
es|.6 8 7 0 5 0
eq2 | 0 7 0 0 5 4
p? | (wy,20) (x2,23) (x3,24) (x2,25) (25,6)
el 1 4 1 0 0
) 2 3 2 2 D
es| A4 5 0 3 0
eq 0 0 0 2 3
7,(.8) z,(.2) 7,(.3) z,(.9) z,(.7)
o °
) 1
4 3 .5
1 2
— ° ° °
z,(.5) z,(.1) z,(.2) z,(.8) z,(.8) z,(.3)
Corresponding to Corresponding to Corresponding to
the parameter e, the parameter e, the parameter e,
FIGURE 6. Fuzzy Soft graph 6.
z,(.9) z,(.7) ,(.5) z,(.4)
5 i
2 3 3
2 . _ 2 .
z,(3) £(2)  z(4) z(. z,(5) z,(.7)

Corresponding to

the parameter e,

Corresponding to

the parameter e,

Corresponding to

the parameter e,

FIGURE 7. Fuzzy Soft graph 7.
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Corresponding to Corresponding to Corresponding to Corresponding to

the parameter e, the parameter ¢, the parameter e, the parameter e,
FIGURE 8. Union of the Fuzzy Soft graphs 6 & 7.

Proof. Suppose that e € A\ B and (z;,2;) € (Vi x V1) \ (Vo x V3). Then by
the Definition (3.6), we have
(i, xj) = pe(wi,z5)

< min{pg (i), pe(w;)} = min{p](x:), p(x;)}-
Now, if e € A\ B and (z;,z;) € (Vo x V) \ (Vi x Vi) then obviously,
pe(wizy) = 0 < min{pd(w:), pl(w))}-
Again, if e € A\ B and (z;,z;) € (V1 x Vi) N (Va x V). Then
pe(riszg) = pe(wi, ;)

< min{pg (i), pe(2;)} = min{p](x:), p(x;)}.

Similarly, if e € B\ A, in all cases we have
pe (i, zy) < min{pf(xs), ()}
Now, suppose e € AN B and (z;,z;) € (Vi x V1) N (Va x Va). Then
/‘62($l” xj) = maX{:U’é(l‘i? xj)’ :U’g(xi’ l’])}

< max{min{p}(z:), p-() }, min{p2(ze), p2(;)})

< max{mingpl (), ()} mindol(z), 02(2;)})

< min{max{p(zi), p2 ()}, max{pl(z;), p2(z;)}}

= min{pd(x:), p¢(2;)}.

As in the previous, if e € AN B and (z;,z;) € (Vi x V1) \ (Vo x Va) or
(xi,zj) € (Vo x Vo) \ (Vi x V1), it can be shown that
pe (i, j) < min{pl(2:), pd ()}
Hence, G2, = G}4 U GQB is a fuzzy soft graph. O

Proposition 3.2. If G?(’J is the union of two fuzzy soft graphs Gl and GzB,
then both GY and G% are fuzzy soft subgraphs of G?é.
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Definition 3.7. Let V;,V5, C V and A, B C E. The intersection of two
fuzzy soft graphs G,lq,vl = ((A,pi), (Auui)) and GZB,VQ = ((Bapz>a (Bvug))
is G:&VS = ((C,p2), (C, 12)) (say), where C = AN B and V3 = V; NV, and
p2(x;) = pl(xi) A p2(x;) for all 2, € V3 and e € C, and pd(z;,zj) =
pd(zi, ;) A p2(xi, xj) if 2;,2; € V3 and e € C.

Example 3.7. Consider V' = {x1,x9,23,24} and E = {ej,e2,e3}. Let
V1 = {.%1,.%2,1’3}, V2 = {$2,$3,l’4} s A= {61,62},3 = {62,63}.

G}4,V1 is defined by Table 9 and pl(z;,z;) = 0 for all (z;,2;) € V4 x V1 \
{(z1,x2), (x1,23), (r2,23)} and for all e € A.

GQBy2 is defined by Table 10 and p2(z;,z;) = 0 for all (z;,z;) € Va x Vo \
{(z2,x3), (x2,24), (z3,24)} and for all e € B.

So, V3 = {x9,z3} and C = {ea}.

Then the intersection of G}4,V1 and GQBy2 is G%‘,Vg given by the Table 11 and
p3(zi, ;) = 0 for all (z;,z;) € Vi x Va3 \ {(z2,72), (3, 23), (x3,22)} and for
alle e C.

TABLE 9
Pty mo as || pt | (e1,22) (21,73) (m2,23)
€1 2 4 .6 €1 2 1 3
eas | .3 .9 6 €9 N 2

z,(.6)
1 2
1
7,(.4) r,(.2) 7,(.9) 7,(.3)
Corresponding to Corresponding to
the parameter e, the parameter e,
F1GURE 9. Fuzzy Soft graph 9.
TABLE 10
p? | wo w3 wg || g | (22,23) (w2,74) (23,24)
es | .3 5 4]l e 2 .3 3

e3| .1 4 7] e .05 1 2
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z,(.5)
3 2
1
,(.3) z,(.4) 7,(.1) z,(.7)
Corresponding to Corresponding to
the parameter e, the parameter e,

FI1GURE 10. Fuzzy Soft graph 10.

TABLE 11

PP |y w3 || p? ] (2, x3)

€9 .3 .5 €9 2

Corresponding to

the parameter e,

FIGURE 11. Intersection of the Fuzzy Soft graphs 9 & 10.

Proposition 3.3. Let ch be the intersection of the fuzzy soft graphs
GYy and G%. Then G% = G4 NG% is a fuzzy soft graph.

Proof. Let z;,z; € V3 and e € C. Then we have
pe(wiy xy) = win{pe (24, 25), g (25, 25)}

< min{min{pe (1), pe ()}, min{p? (z:), o7 (25)}}

= min{min{pe (z;), pZ (w:) }, min{pg (), pz (5)}}

= min{p?(z:), pZ ()}
This proves the proposition. O
Proposition 3.4. If GBC" 1s the intersection of two fuzzy soft graphs
G}4 and G2B, then G% 1s fuzzy soft subgraph of both G}L‘ and GzB.

4. CONCLUSION

In the definition (3.7), if we replace the set C = AU B and V3 =V, U V3,
the intersection of two fuzzy soft graphs can be defined as in the same way



SuMIT MOHINTA AND T.K. SAMANTA 47

of the definition (3.6) and this intersection could be termed as generalized
intersection of two fuzzy soft graphs. In fact, with respect to generalized
intersection, propositions (3.3) and (3.4) can be easily verified.
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